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LSENS: Multipurpose Kinetics and Sensitivity Analysis
Code for Homogeneous Gas-Phase Reactions

K. Radhakrishnan¤

Institute for Computational Mechanics in Propulsion, Cleveland, Ohio 44135

LSENS is a multipurpose chemical kinetics and sensitivity analysis code for the solution of complex, homoge-
neous, gas-phase reactions. The main features of LSENS are its accuracy, ef� ciency, � exibility, and convenience for
treatment of many different chemical reaction models, including static system; steady, one-dimensional, inviscid
� ow; incident-shock initiated reaction in a shock tube with corrections for frictional losses; perfectly stirred re-
actor; and perfectly stirred reactor followed by a plug � ow reactor. In addition, equilibrium computations can be
performed for several assigned states. An implicit numerical integration method, LSODE, which works accurately
and ef� ciently for the extremes of very fast and very slow reactions, is used to solve the “stiff” ordinary differ-
ential equation systems that arise in chemical/combustion kinetics. For static and one-dimensional � ow reactions,
including those behind an incident shock wave and following a perfectly stirred reactor calculation, LSENS uses
the decoupled direct method to calculate the sensitivity coef� cients of dependent variables and of their derivatives
with respect to the initial values of dependent variables and/or the rate coef� cient parameters. Solution methods
for the equilibrium and postshock conditions and for perfectly stirred reactor problems are either adapted from
or based on procedures built into the chemical equilibrium and applications code CEA.

Introduction

T HE multipurpose kinetics and sensitivity analysis code
LSENS1¡3 was developed for the solution of complex, homo-

geneous,gas-phase,chemical reactionproblems.The motivationfor
developing LSENS is the continuing interest in elucidation of de-
tailed chemical reaction mechanisms for complex reactions (such
as the combustion of fuels and pollutant formation and destruc-
tion) and reduced mechanisms for speci� c applications (such as
computational � uid dynamic simulations). Here, a detailed chemi-
cal reaction mechanism denotes the set of all elementary chemical
reactions, that is, real molecular events, required to describe the
process of interest.4;5

Mathematical descriptions of chemical kinetics problems con-
stitute sets of coupled, nonlinear, � rst-order ordinary differential
equations (ODEs).4;6 The number of ODEs can be very large be-
cause of the numerous chemical species involved in the reaction
mechanism. A further dif� culty includes the many simultaneousre-
actions needed to describe the chemical kinetics of practical fuels.
For example, the mechanism describing the oxidation of the sim-
plest hydrocarbon fuel, methane, involves over 25 species and 100
elementary reaction steps.7

Validatinga chemical reaction mechanism requires repetitive so-
lutions of the governing ODEs for a variety of reaction conditions.
Analytical solutions to the systems of ODEs describing chemical
kinetics are not possible except for the simplest cases, which are of
little or no practicalvalue.Consequently,fast and reliablenumerical
techniquesare required for chemical kinetics problems.

In addition to solving the ODEs describing chemical kinetics, it
is often necessary to know how variations in either initial condition
values or chemical reaction mechanism parameters affect the solu-
tion. Such needs arise in the development of reaction mechanisms
from experimental data.8 The rate coef� cients are often not known
with great precision, and, in general, the experimental data are not
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suf� cientlydetailedto determineaccuratelythe ratecoef� cientpara-
meters. The developmentof a reaction mechanism is, therefore, fa-
cilitatedby a systematic sensitivity analysis,which establishesrela-
tionships between the predictions of a kinetics model and the input
parameters of the problem.6;9;10

LSENS has been designed for accuracy, ef� ciency, � exibility,
and convenience.A variety of chemical reaction models is consid-
ered: 1) static system; 2) steady, one-dimensional, inviscid � ow;
3) reaction behind an incident shock wave, including boundary-
layer correction;4) perfectlystirred(highlybackmixed)reactor;and
5) perfectly stirred reactor followed by a plug � ow reactor. In ad-
dition, the chemical equilibrium state can be computed for the fol-
lowing assignedstates:1) temperatureand pressure,2) enthalpyand
pressure,3) temperatureand volume, and 4) internalenergy and vol-
ume. For static and one-dimensional� ow problems, including those
behind an incident shock wave and following a perfectly stirred re-
actor calculation,the � rst-ordersensitivitycoef� cientsof dependent
variablesand of their derivativescan be computedwith respect to the
initial values of the dependent variables and/or the rate coef� cient
parametersof the chemical reactions.A uniquefeature of the code is
the capabilityof solvingmultipleproblems in a singlecomputerrun.

LSENS is theproductof anongoingeffortat NASA JohnH. Glenn
Research Center at Lewis Field to develop and upgrade algorithms
and computer codes for chemical kinetics applications.The � rst ki-
netics code, GCKP, was developed by Bittker and Scullin in 1972
(Ref. 11). This code uses the implicit integrationmethod of Tyson12

with some modi� cationsdue to Bittker and Scullin.11 Subsequently,
many integration methods and computer codes were developed for
the ef� cient integration of ODEs in general, and chemical kinetics
equationsin particular.(See Ref. 13 fordetails.)GCKP was replaced
with GCKP84 (Ref. 14), which uses the GEAR package,15 as mod-
i� ed by Zeleznik and McBride16 to integrate the chemical kinetics
ODEs. Critical analyses and comparisons17¡21 showed that, among
the methodsand codesexamined,LSODE22;23 was themost ef� cient
and accurate code for chemical kinetics applications. The solver
used in GCKP84 was, therefore, replaced with LSODE, and the
novelcapabilityof performingsensitivityanalysisfornonisothermal
problems,that is,combustionkinetics,was incorporatedinto thenew
code, GCKP86 (Ref. 24). The sensitivityanalysis computationsuse
the decoupleddirectmethod,1;13;25;26 as implementedby Dunker25;27

for isothermal kinetics and modi� ed by Radhakrishnan26 for com-
bustion kinetics. This method resulted in greater ef� ciency and sta-
bility, with equal or better accuracy, compared to other methods of
sensitivity analysis.1;13;25;26 Many improvements and new options
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were incorporated into GCKP86, and the present version, LSENS,
replaces the previous general chemical kinetics codes GCKP,11

GCKP84 (Ref. 14), GCKP86 (Ref. 24), and GCKP87 (Ref. 26).
(Details regarding code availability and procurement can be ob-
tained at https://technology.grc.nasa.gov/software/.)

Description of Code and Capabilities
LSENS is designed for solving several problem types arising in

chemical/combustionkinetics.These problemtypes and the options
built into the code are summarized in Table 1 and brie� y described
hereafter. The code solves constant-density and assigned-pressure
static reaction problems. In the latter case, the pressure is speci� ed
as constant, a polynomial function of up to third degree in time, or
in tabular form as a function of time. For all static problems, the
temperature can be similarly assigned. Alternatively, the problem
can be adiabatic or the heat transfer rate speci� ed as a polynomial
function of up to fourth degree in temperature. [See Eq. (10).]

Steady, one-dimensional � ow reaction problems are solved with
either pressure or area pro� le assigned. The independent variable
can be either time or axial distance. The pressure/area pro� le is as-
signed as constant or as a function of either time or axial distance,
irrespective of the independent variable. For any � ow problem, the
temperature can be speci� ed as constant, as a polynomial function
of up to third degree in time or axial distance, or in tabular form as
a function of time or axial distance. Alternatively, the � ow problem
can be adiabatic or the heat transfer rate to the environment pre-
scribed as a polynomial functionof temperature [see Eq. (10)] or by
means of empiricalcorrelationsbuilt into thecode [see Eq. (11)].For
any � ow problem, several rocket performance parameters may be
computed; thus, LSENS can be used to explore the differences be-
tween kinetically limited and equilibrium computations for a given
nozzle geometry.

The same heat transfer options are available for the reacting � ow
problem behind an incident shock wave. For this problem type,
the code computes the frozen and equilibrium postshock states
and includes boundary-layer corrections to account for frictional
losses.

LSENS also includes provisions for studying chemical reactions
in a perfectly stirred reactor (PSR). The user can perform two
types of calculations: assigned mass � ow rate and assigned tem-
perature. In either case, the reactor can be adiabatic or the heat
transfer rate prescribedas a polynomialfunctionof temperature[see
Eq. (10)]. The PSR problem can be followed by a one-dimensional
� ow reaction, that is, a plug � ow reactor problem; this combination
is sometimes used as a simpli� ed representation of a gas-turbine
combustor.

Table 1 Computational capabilities of LSENS

Problem type Options

Constant-density static reaction and
constant-pressure static reaction

Constant temperature, temperature assigned as polynomial function of time or in tabular form as function of time,
adiabatic, heat transfer rate assigned as polynomial function of temperature

Assigned-pressure static reaction Pressure assigned as polynomial function of time or in tabular form as function of time, constant temperature,
temperature assigned as polynomial function of time or in tabular form as function of time, adiabatic, heat
transfer rate assigned as polynomial function of temperature

One-dimensional � ow reaction at con-
stant pressure and one-dimensional
� ow reaction in constant-area duct

Independent variable: time or axial distance, constant temperature, temperature assigned as polynomial function
of time or axial distance or in tabular form as function of time or axial distance, adiabatic, heat transfer rate
assigned as polynomial func tion of temperature, heat transfer rate given by built-in correlations

One-dimensional � ow reaction at
assigned pressure and one-dimen-
sional � ow reaction in assigned-
area duct

Independentvariable: time or axial distance, pressure/area assigned as polynomialfunctionof time or axial distance
or in tabular form as functionof time or axial distance, constant temperature, temperature assigned as polynomial
function of time or axial distance or in tabular form as function of time or axial distance, adiabatic, heat transfer
rate assigned as polynomial function of temperature, heat transfer rate computed by using built-in correlations

Reaction behind incident shock wave Flow area pro� le corrected for frictional losses (laminar and turbulent boundary layers)
Perfectly stirred reactor Assigned mass � ow rate, assigned temperature, adiabatic, heat loss rate assigned as polynomial function of

temperature
Perfectly stirred reactor and one-

dimensional � ow reaction (as-
signed area/pressure)

Any combination of options just given for perfectly stirred reactor problems and � ow problems

One-dimensional � ow reaction Rocket performance parameters calculation
All static and � ow reactions Sensitivity analysis with respect to speci� ed initial conditions and rate coef� cient parameters, sensitivity

coef� cients of � rst-order derivatives, reaction importance list
All problem types Equilibriumcalculation for followingassigned states: temperature andpressure, enthalpyand pressure, temperature

and volume, and internal energy and volume

For all static and one-dimensional� ow reactions, including those
behind an incident shock wave and following a PSR calculation,
LSENS will perform a systematic sensitivityanalysis. In particular,
� rst-order sensitivity coef� cients [Eq. (18)] can be generated with
respect to the initial conditionvalues of dependentvariablesand the
chemical reaction mechanism parameters.

Equilibrium computations are available for all problem types.
Speci� cally, the equilibriumstate is calculated for the following as-
signedstates:1) temperatureandpressure,2)mass-speci� c enthalpy
and pressure, 3) temperature and volume, and 4) mass-speci� c in-
ternal energy and volume. Thus, a convenientmethod is provided to
determine how fast and how closely the � nite rate chemical kinetic
process approaches the equilibrium state or to assess completeness
of the reaction mechanism.

LSENS was developed on an IBM 370/3033TM computer using
the TSSTM operating system (OS) and the Amdahl 5870TM com-
puter using the UTSTM OS. The code was subsequently modi� ed
suitablyto enhanceportability,and it has been executedsuccessfully
on various computer systems, using differentoperatingsystemsand
FORTRAN compilers. (See Ref. 2 for details.) LSENS is arranged
in a highly “modular” fashion,with differentsubprogramsperform-
ing different tasks; hence, the numberof subprogramsis fairly large.
The modular feature of the code aids in both its understandingand,
if desired, its modi� cation. Therefore, as improvements are made
in any calculation procedures or methods built into the code, only
the subprograms using these procedures need to be replaced. An
example is the computation of thermodynamic data. The relations
currently built into the code are based on � tting data over two tem-
perature ranges. Work is now underway to extend the temperature
range over which the calculations are valid.28

The different subprogramsthat comprise the LSENS packageare
arrangedin threeseparategroups.The � rst groupcontainstheMAIN
programand those related to thermodynamic,transport,and kinetics
computations.This groupalso includesthenumericalproceduresfor
equilibrium and postincident shock states and PSR problems; the
solution methods were either adapted from or based on the chem-
ical equilibrium and applications code, CEA.28 The second group
includes the subroutines required for sensitivity analysis; several of
these routines were adapted from the code CHEMDDM.27 The last
group contains the subprograms included in the code LSODE,22;23

which is used to solve the governing ODEs.
Communication among different subprograms is accomplished

by means of calling sequencesand common blocks, which are used
extensively in LSENS. The use of common blocks avoids lengthy
calling sequences,which can signi� cantly deteriorate the ef� ciency
of the program. Each subprogram contains type declarations for all
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variables used within it. Such declarationsare useful for debugging
and provide a list of all variables that occur in a routine. The type
declarationsare arranged in a speci� c order to enhance their utility.

The remainder of this section describesbrie� y the computational
capabilities of LSENS. Convenience features and the calculation
procedures used for thermodynamic and transport properties are
also discussed. Detailed descriptions of the code, the theory and
numerical solution procedures built into it, its usage, and accuracy
and ef� ciency comparisonswith other methods and codes are given
by Radhakrishnan,1 Radhakrishnan and Bittker,2 and Bittker and
Radhakrishnan.3

Types of Chemical Reaction and Rate Coef� cient
Many different types of elementary chemical reactions are con-

sidered. In addition, provision has been made for both reversible
and irreversible reactions. For a reaction mechanism involving NR

elementary reactions among NS species, the j th elementary step,
j D 1; : : : ; NR , can be written symbolically in the general form

NsX

i D 1

º0
i j Si

k j
*)
k¡ j

NSX

i D 1

º 00
i j Si ; j D 1; : : : ; NR (1)

where º0
i j is the stoichiometriccoef� cient, that is, number of moles,

of reactant species i in reaction j , º 00
i j the stoichiometric coef� cient

of product species i in reaction j , and Si the chemical symbol for
species i . The arrows indicate the direction, that is, forward or re-
verse, of the chemical reaction, and k j and k¡ j are, respectively,
the forward and reverse rate coef� cients of reaction j . Because the
reaction given by Eq. (1) involves all species (reacting and inert), it
includes third-body collisional reactions. In addition, photochemi-
cal reactionscan be speci� ed. For each reaction j , irrespectiveof its
type, the forward rate coef� cient k j is usuallygiven by the empirical
expression4

k j D A j T
n j exp.¡E j =RT/ (2)

where the preexponential factor A j , the temperature exponent n j ,
andtheactivationenergy E j are constants;R is theuniversalgascon-
stant; and T is the temperature. Each reaction may be irreversible,
that is, in the forward direction only, k¡ j D 0, or reversible, that is,
bidirectional. For a reversible elementary reaction, either the user
may specify the reverse rate coef� cient or it is computed within the
code by using the principle of detailed balancing or microscopic
reversibility4:

k¡ j D k j =KC; j (3)

where KC; j , the concentration equilibrium constant for reaction j ,
is a function of only temperature for ideal gases.

Thermodynamic and Transport Properties
The thermodynamic properties of the species are computed by

using the empirical equations given by Gordon and McBride.28 For
each species i , the nondimensional properties molar-speci�c heat
at constant pressure ( p;i =R), molar-speci�c enthalpy ( i =RT), and
the one-atmosphere molar-speci�c entropy ( ±

i =R) are speci� ed as
functions of temperature as follows:

p;i =R D ai;1 C ai;2T C ai;3T 2 C ai;4T 3 C ai;5T 4 (4)

i =RT D ai;1 C .ai;2=2/T C .ai;3=3/T 2

C .ai;4=4/T 3 C .ai;5=5/T 4 C ai;6=T (5)

±
i =R D ai;1 T C ai;2T C .ai;3=2/T 2

C .ai;4=3/T 3 C .ai;5=4/T 4 C ai;7 (6)

where ai;1–ai;7 are least-squarescoef� cients and the degree sign de-
notesstandardconditions(here,pressureof 1 atm). For eachspecies,
two sets of coef� cients for use on two adjacent temperature inter-
vals, 300–1000 K and 1000–5000 K, are included. The data are

constrained to give the same results at 1000 K. The thermodynamic
properties of the reacting gas mixture are evaluated by applying the
Gibbs theorem (see Ref. 29), that is, by simply summing the contri-
butionsmade by all species.For example, the mixture mass-speci� c
enthalpy h is given by

h D
NsX

i D 1

¾i i (7)

where ¾i is the mass-speci�c mole number of species i , that is,
number of moles of species i per unit mass of mixture.

The transport properties of the species are computed by using
the empirical equations given by Svehla.30 For each species i , the
dynamic viscosity ¹i and thermal conductivity ·i are speci� ed as
functionsof temperature,in the form used by Maitland and Smith31:

¹i D ai;¹ T C bi;u=T C ci;¹

¯
T 2 C di;¹ (8)

·i D ai;· T C bi;·=T C ci;·

¯
T 2 C di;· (9)

The coef� cients in these equationsare obtainedby least-squares� t-
ting. The gas mixture dynamic viscosity¹ and thermal conductivity
· are computed using formulas suggestedby Wilke,32 Bromley and
Wilke,33 and Lindsay and Bromley.34

Heat Transfer Models
The heat transfer rate between a reacting system and its surround-

ings is, in general, a function of the reacting gas and ambient tem-
peratures, as well as � ow rate and geometry. It is most likely that
exact heat exchange rates will not be known when modeling an ex-
perimental reacting system. Therefore, the main usefulness of the
code will be in determining the effects of various assumed heat
transfer rates. The default method is to prescribe the heat loss rate
PQ, for static problems, or the heat loss rate per unit length in the

� ow direction PQ 0, for � ow problemsas a polynomialfunctionof the
reacting mixture temperature:

PQ .or PQ 0/ D H0 C H1T C H2T 2 C H3T 3 C H4T 4 (10)

where the fHkg are user-speci�ed constants. For one-dimensional
� ow problems, the code contains an alternate option for computing
PQ 0; the built-in procedures use the empirical expression35

PQ 0 D HLw.T ¡ Tw/ (11)

where H is the heat transfercoef� cient, Lw the perimeterof the � ow
cross section, and Tw the wall temperature. Standard correlations
are used for the heat transfer coef� cients for laminar and turbulent
pipe � ows, as functions of the Reynolds and Prandtl numbers (for
example, Ref. 35).

Chemical Kinetics Problems
To describe the temporal or spatial evolution of homogeneous

chemical reaction systems, equations are needed for species con-
centrations, temperature, density, pressure, and, possibly, velocity.4

Mathematical descriptionsof combustionkinetics problems consti-
tute sets of coupled, � rst-order ODEs, which can be generalized as
follows:

dy
d»

´ Py D f .y/ (12)

In Eq. (12), y is the solution vector with N components, where N
dependson theproblemtype,and » is the independentvariable: time
t or axial distance x . The solutionvector containsappropriatemass-
speci� c speciesmole numbers, f¾i g, thermodynamicvariables,and,
when necessary,the reactinggasvelocity.For clarity in presentation,
the dependence of f on the rate coef� cient parameters, the heat
transfer rate, etc., has been suppressed.

The initial value problem is to solve for the speciesmass-speci� c
mole numbers, thermodynamic properties and, for a � ow problem,
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the velocity at one or more » values in a prescribed integration in-
terval [»0, »end], given the initial conditions [that is, »0 and y(»0/],
reaction mechanism, and rate coef� cient parameters, where »end de-
notes the endpoint of the integration interval.

Numerical Integration Procedure
LSENS uses the double precision version of the packaged code

LSODE22;23 to solve the ODEs arising in combustion chemistry.
LSODE includes a variable-step, variable-order implicit Adams
method and a variable-step, variable-order backward differentia-
tion formula (BDF) method. Both methods are step-by-step meth-
ods; that is, starting with the known initial conditions y(»0/ at »0,
the methods generate a sequence of approximate solutions Yn at
the discrete points »n , n D 1; 2; : : : , until the end of the integration
interval, »end, is reached. Extensive experimentation showed that
the BDF method is consistently superior to the Adams method for
chemical kinetics applications(see Ref. 1), and is, therefore, the de-
fault method in LSENS. At each integrationstep [»n ¡ 1 , »n] the BDF
method advances the numerical solution by using linear multistep
formulas of the type

Yn D
qnX

j D 1

® j Yn ¡ j C hn¯0 f n (13)

In this equation, qn is the method order for the current step, the
coef� cientsf® j g and¯0 dependonqn , Yn ¡ j is thenumericalsolution
vector at »n ¡ j , hn (D »n ¡ »n ¡ 1/ is the step size for the current step,
and f n [D f .Yn/] is the approximation to the exact derivativevector
at »n , Pyn [D f .yn/].

Equation (13) is solved by using a predictor–corrector scheme,
wherein at each step [»n ¡ 1 , »n ] an initial guess Y[0]

n for the solution
vector at »n is � rst produced, and then the guess is improved upon
by iteration. Thus, starting with the predicted value Y[0]

n , improved
estimates Y[m]

n , m D 1; 2; : : : , are generated until the iteration con-
verges. A variety of iteration techniques is provided, but for chem-
ical kinetics applications the most ef� cient and accurate technique
is Newton–Raphson iteration (see Ref. 1), which is given by the
recursive relation

P
¡
Y [m C 1]

n ¡ Y [m ]
n

¢
D

qnX

j D 1

® j Yn ¡ j C hn¯0 f
¡
Y [m]

n

¢
¡ Y [m ]

n (14)

where the N £ N iteration matrix P is

P D I ¡ hn¯0 J (15)

Here, I is the N £ N identity matrix and J is the Jacobian matrix,
with element Ji; j de� ned as

Ji; j D @ fi

@y j
; i; j D 1; : : : ; N (16)

A useful feature of LSODE is that it will estimate the elements
of the Jacobian matrix by � nite difference approximations, if the
user chooses not to provide analytical expressions. However, this
method requires (N C 1) derivative evaluations for a system of N
ODEs and is, therefore, much more expensive than the use of an
analytical Jacobian, especially for large N (see Ref. 1). Therefore,
for all problem types, LSENS contains analytical Jacobians,whose
use is the default option.

At each solution step [»n ¡ 1 , »n] LSODE controls the error in-
curred in the numerical solution by ensuring that the converged
solution satis� es the inequality

vuut 1
N

NX

i D 1

³
di;n

RTOLi jYi;n ¡ 1j C ATOLi

´2

· 1 (17)

where di;n is the estimated local truncation error in Yi;n , the i th so-
lution component at »n ; RTOLi and ATOLi are, respectively, the

user-supplied local relative error tolerance and local absolute error
tolerance for the i th solution component; and the vertical bars de-
note absolute value. The local error tolerances RTOL (D fRTOLi g)
and ATOL (D fATOLi g) determineboth the nature of the local error
control performed by LSODE and the magnitude of the error intro-
duced into the numerical solution. Both RTOL and ATOL can be
speci� ed either as scalars, so that the same error tolerancesare used
for all variables, or as arrays, so that different tolerances are used
for different variables. For reasons discussed by Radhakrishnan1

LSENS uses a scalar RTOL (D EMAX) and an array ATOL. For
convenience, the same value of ATOL (D ATOLSP) is assigned for
the mass-speci� c mole numbers of all reacting species. For inert
species, temperature, density, and velocity, ATOL is set equal to
zero.

Sensitivity Analysis
For static and one-dimensional� ow reaction problems, the � rst-

order sensitivity coef� cients fSi j (D @Yi =@´ j /g can be computed.
Here, Yi is the numerical solution for the i th, i D 1; : : : ; N , depen-
dent variable and ´ j is either an initial condition value or a rate
coef� cient parameter [that is, A j , n j , or E j , Eq. (2)]. The ODEs
for the sensitivity coef� cients with respect to ´ j are obtained by
differentiatingthe model equations(12),with respect to ´ j and then
interchanging the order of differentiation with respect to » and ´ j .
The result is

dS j

d»
´ PS j D JS j C @ f

@´ j

­­­­
y

(18)

where J is the Jacobian matrix [Eq. (16)] and S j D @Y=@´ j . The
initial value of S j , S j .»0/, depends on the sensitivity parameter ´ j .
If ´ j is the j th elementof y0 , that is, an initial conditionvalue,S j .»0/
is equal to the j th column of the N £ N identitymatrix; if, however,
´ j is a rate coef� cient parameter, S j .»0/ D 0.

The sensitivity analysis computations use the decoupled direct
method (DDM).1;13;25;26 The DDM solves the sensitivity equations
separately from, but sequentially with, the model equations. The
same algorithm that solves the ODEs for the chemistry also solves
for the sensitivity coef� cients. The rationale for using the same
solver is that the two systems of ODEs have the same Jacobian. If
the BDF method of order qn [Eq. (13)] is used to solve Eq. (18), the
resulting formula for the step [»n ¡ 1 , »n ] is given by

S j;n D
qnX

k D 1

® j S j;n ¡ k C hn¯0
PS j;n (19)

which, upon using Eq. (18), can be rewritten as

PS j;n D
qnX

k D 1

® j S j;n ¡ k C hn¯0
@f
@´ j

.»n/ (20)

where P is given by Eq. (15).
Note that Eq. (20) can be obtained by differentiating Eq. (13)

with respect to ´ j . Although the model solution vector Y is de� ned
only at discrete points in time or space, it can still be considered as
a continuous function of the f´ j g (Ref. 25). Thus, the sensitivities
f@Yi =@´ j g calculated from Eq. (20) are the exact sensitivities of Y
(but not necessarily of y) with respect to ´ j , apart from computer
roundoff error, provided, of course, that the Jacobian matrix is ac-
curate. Note also that because Eq. (18) is linear, Eq. (20) is linear.
Hence, the solution can be obtained explicitly; that is, without an
iterativepredictor–correctorprocedure.Thus, unlike the calculation
procedurefor the model solution, there is no need to measureor con-
trol the error incurred by the sensitivity coef� cients. Of course, to
guarantee accuracy of the computed sensitivities, one must ensure
that the model solution is suf� ciently accurate.

Equations (14) and (20) show the similarity between the model
and sensitivity equations. The DDM exploits this similarity by al-
ternating the solution of Eq. (20) with that of Eq. (14). At each step
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[»n ¡ 1, »n ] the solution to the model problem is advanced by solv-
ing equation (14). Then the new solution Yn is used in Eq. (20) to
advance the fS j;ng over the same step. This process of sequentially
advancingY and then the fS j g by the same step size is repeateduntil
the end of the integration interval.

An important feature of LSENS is that it can be used to generate
sensitivity coef� cients with respect to any number of parameters
from just one initial condition or one rate coef� cient parameter of
onereactionto the fullset ofall N initialconditionsandall3 ¢ NR rate
coef� cient parameters, where NR is the total number of reactions.
Finally,the linearsensitivitycoef� cientsof the � rst-orderderivatives
of thedependentvariables,that is, f@ PY=@´ j g, may alsobe computed.
Such a capability is useful, for example, in modeling combustion–
acoustics interactions, by generating the sensitivity coef� cients of
the heat release rate with respect to the in� ow state.36;37

Provision is made for the user to specify a cutoff level, TINY, for
the normalized sensitivity coef� cients. Any normalized sensitivity
coef� cient that is smaller in magnitude than TINY is set equal to
zero. For rate coef� cient parameters, an option to tabulate and print
nonzeronormalizedsensitivitycoef� cients in decreasingmagnitude
is provided. Thus, for each dependent variable, the user can obtain
a list of reaction numbers in order of decreasing importance.

Chemical Equilibrium
The code has built-in procedures for computing the equilibrium

composition for the following four assigned states: 1) tempera-
ture and pressure, 2) mixture mass-speci� c enthalpy and pressure,
3) temperature and speci� c volume, and 4) mixture mass-speci� c
internal energy and speci� c volume. For cases 2 and 4, the equilib-
rium temperature is also determined. The code automatically per-
forms the appropriatetype of equilibriumcalculation,dependingon
the kinetics problem being solved.

The calculation procedures for the equilibrium states were
adapted from CEA.28 The equilibrium state is obtained by mini-
mizing either the Gibbs or Helmholtz function. In either case, the
chemical equilibrium criterion that must be satis� ed by the system
is given by38

NsX

j D 1

¹ j d¾ j D 0 (21)

where ¹ j is the chemicalpotentialof species j . This minimizationis
subject to severalconstraintsimposed by the conservationof atomic
species (all cases):

bi D
NsX

j D 1

ai j ¾ j D bi;0; i D 1; : : : ; NE (22)

where bi is the total number of atoms of element i in unit mass of
mixture, bi;0 the value of bi for the initial mixture, ai j the number of
atoms of element i in one molecule of species j , and NE the total
number of elements. If charged or ionic species are present in the
gas mixture, the element list includes the electron in addition to the
atomic species, and some ai j have negativevalues;otherwise, all ai j

are positive.
For cases 2 and 4, additional constraints must be satis� ed. For

case 2, enthalpy conservation,

h D
NSX

j D 1

¾ j j D h0 (23)

where h0 is the assigned mixture mass-speci� c enthalpy, is used to
solve for the temperature. For assigned internal energy problems
(case 4), the required equation is given by energy conservation:

u D
NSX

j D 1

¾ j j D u0 (24)

where u is the mixturemass-speci� c internalenergy,u0 the assigned
mixture mass-speci�c internal energy, and j the molar-speci�c
internal energy of the j th species.

The resulting nonlinear algebraic equations are solved by using
a descent Newton–Raphson iteration method, which automatically
limits the size of the corrections at each iteration to avoid con-
vergence dif� culties. Also, to prevent negative concentrations and
temperature, the code solves for the logarithm of the variables.

Incident Shock
LSENS includes an option to compute the thermodynamic state

and velocity behind an incident shock. Two types of computations
are performed. First, the code solves for the “equilibrium” shock
conditions; that is, after the shock initiated reactions have equili-
brated. The second calculation produces the “frozen” shock con-
ditions immediately after shock passage, when the composition is
unchanged from its initial value. In both cases, the postshock con-
ditions are obtained by solving the mass, momentum, and energy
conservationequationsdescribingsteady,one-dimensional,inviscid
� ow of an ideal gas mixture:

½1V1 D ½2V2 (25)

p1 C ½1V 2
1 D p2 C ½2V 2

2 (26)

h1 C V 2
1

¯
2 D h2 C V 2

2

¯
2 (27)

In these equations, which assume that the coordinate system is at-
tached to the shock, ½ , V , p, and h are, respectively, the mixture
mass density, velocity, pressure, and mass-speci� c enthalpy. The
subscripts 1 and 2 indicate conditionsupstream and downstreamof
the shock, respectively.

The calculation procedure for both the frozen and equilibrium
states were adapted from CEA.28 Starting with a guess for the post-
shock state, a Newton–Raphson iteration procedure, which auto-
matically limits the size of the correctionsto minimize convergence
dif� culties, is used. To avoid negative variables during the solution
procedure, the equations are cast in terms of the logarithm of the
variables.

Postshock Kinetics Problem
Starting with the frozen shock state, LSENS follows the progress

of the chemical reaction in the shockedgas by integratingthe ODEs
describing one-dimensional � ow with assigned area, over a pre-
scribed time or distance interval. The � ow area pro� le is given by
a function that corrects for frictional losses: These corrections are
included for both laminar and turbulent boundary layers.2;39¡41

PSR
Steady-state PSR computations can be performed for either a

speci� ed mass � ow rate or a speci� ed reactor temperature. In the
former case, the code solves for the mixture composition and tem-
perature at the reactor exit. In the latter case, the mass � ow rate
through the reactor and exit mixture composition are computed.
The problem type is identi� ed by examining the input parameters
required for problem solution. For steady operation of the PSR and
both problem types outlined earlier, the governing algebraic equa-
tions are obtained from the conservationequations for species con-
centrationsand energy:

Pm
¡
¾i ¡ ¾ ¤

i

¢
D Wi V ; i D 1; : : : ; NRS (28)

Pm.h ¡ h¤/ D ¡ PQ (29)

In these equations, Pm is the mass � ow rate through the reactor, Wi

is the molar rate of production of species i per unit volume, V is
the reactor volume, NRS is the total number of reacting species,
PQ is the heat loss rate from the reactor, and the asterisk denotes

inlet conditions.The heat loss rate can be speci� ed as a polynomial
functionof up to fourthdegreein reactortemperature.[See Eq. (10).]
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To solve the system of nonlinear algebraic equations, LSENS
uses essentially the same Newton–Raphson iteration technique that
is built into CEA28 for computing the equilibrium state. In partic-
ular, to reduce convergence dif� culties, the method automatically
limits the size of the corrections.Also, to avoid negative results, the
code solves for the logarithm of the variables. Starting with condi-
tions close to the equilibrium state, a series of PSR computations is
performed until the desired mass � ow rate or reactor temperature is
reached. This technique is used to minimize the possibility of con-
vergence to a false solution, one that is mathematically correct but
physically unrealistic.The routine includes several tests and, when
necessary, restarts of the calculation, to ensure that the solution is
physically meaningful. Finally, LSENS includes tests for possible
blowout of the chemical reaction within the reactor.

Combined PSR and Plug Flow Problem
A plug � owcalculationcanbeperformedaftera PSR problemin a

singlecomputer run. Such a two-step process is sometimesused as a
simpli� ed model of a gas-turbinecombustor.To solve the combined
PSR and plug � ow problem, the code � rst performs a PSR calcu-
lation, using the necessary input information for this problem type,
and then solves the ODEs governingone-dimensionalinviscid � ow.
For the � ow problem, and sensitivity analysis computations, the
code uses the PSR solution as the initial, that is, in� ow, conditions.

Code Usage
Two inputdata � les arenormallyrequiredto execute thecode.The

� rst one, referred to as the standard thermodynamic data � le, must
contain the chemical symbol and composition, molecular weight,
and thermodynamicdata for each species.The second � le, the prob-
lem data � le, must give informationabout, and data required by, the
problem(s) to be solved. A third input � le, the transport proper-
ties data � le, which contains transport property data, is required for
certain computations.Standard thermodynamicand transport prop-
erties data � les, containing data from the most recent database of
the code CEA28 for many species in the C–H–N–O system, are sup-
plied with LSENS. However, the user has the option of specifying
thermodynamic data for some (or all) species by including them in
the problem data � le. Thus, the user has a convenientmeans of tem-
porarily changing any thermodynamic data or adding new species
without modifying the standard � le.

The problem data � le must specify the problem type and provide
the data needed to solve the problem. This information includes the
chemical reaction mechanism, rate coef� cient parameters, third-
body collisional ef� ciencies, and inert species (if any). The user
must also provide details of the problem, including the independent
variable for a � ow problem; assigned-variable,that is, density, pres-
sure, or area pro� le; temperature data, if a temperature pro� le is to
be speci� ed; heat transfer data, if heat transfer is to be calculated;
optional information such as the input units and output units (cgs,
SI, or U.S. customary);and output controls.For a PSR problem, the
desired reactor conditions (mass � ow rate or temperature) should
be speci� ed and data given that tell the code when intermediate so-
lutions are needed. The latter option provides a convenientmethod
of obtaining reactor operating conditions as a function of residence
time in a single computer run.

The preceding information must be followed by the initial (or
inlet) conditions, including mixture composition, which may be
speci� ed by means of mole fractions, mass fractions, fuel–oxidant
equivalence ratio, or fuel–oxidant mass ratio. For static and � ow
problems, the required integration controls must also be speci� ed.
Finally, if sensitivityanalysis is required, the problem data � le must
include lists of the parameters with respect to which sensitivity
coef� cients are to be computed and of the dependent variables of
interest.

For normal code usage, the user will set only two integrationcon-
trols: the local relative error tolerance for all variables (EMAX) and
the local absoluteerror tolerancefor all reacting species (ATOLSP).
It is clear from Eq. (17) that the magnitudes of the two error tol-
erances control the accuracy of the numerical solution. In addition,

LSODE controlsonly the estimated local error, the error committed
on a single step, starting with data regarded as exact, whereas the
quantityof general interest is the global error,which is the deviation
of the numerical solution from the exact solution.The latter error is
neither measured nor controlledby the code. The user is, therefore,
advised to be conservative in selecting EMAX and ATOLSP, espe-
cially if performing sensitivity analysis during late heat release or
equilibration;for example, formation of nitrogen oxides (NOx / be-
comes signi� cant only during these regimes. (See Ref. 1 for details.)
In particular,the ATOLSP/EMAX ratio must be suf� cientlysmall to
ensure accuracy in the concentration of trace species such as NOx

(Refs. 1, 18, and 21). However, the computational cost generally
increases with increased accuracy requirements. Some experimen-
tation may be necessary to optimize the local error tolerances.1;2

If multiple problems are to be solved during a single execution
of the code, the required data for the second and subsequent cases
depend on the information, if any, that can be used from the preced-
ing case(s).The code was designed to minimize the amount of input
data, especially when they are the same for two or more consecu-
tive cases. Thus, for example, the user need not provide the reaction
mechanism when it is either identical to that used on the preceding
case, or can be obtained from it by adding reactions or modifying
rate coef� cient parameters.

Illustrative Test Problems
In addition to the thermodynamic and transport properties data

� les, two problem data � les are provided with LSENS, to illustrate
the problem types that can be solved by the code and the options
built into it. These data � les also help elucidate constructionof the
problem data � le required to execute the code. To demonstrate the
capabilityof solvingmultipleproblems in a single run, both problem
� les contain many test cases, as discussed hereafter.

The � rst data � le contains 16 kinetics-only, that is, no sensitivity
analysis, test cases, which are summarized in Table 2. In Table 2,
NR is the total number of elementaryreactionsin the reactionmech-
anism, NS the total number of species, N the total number of ODEs
solved, and CPU the execution time (i.e., not including the CPU
time required for preprocessingand input/output) in seconds on an
SGI OctaneTM computer with the MIPS R12000TM processor. It is
clear from Table 2 that the problem size varies from a simple case
involving one reaction among three species (problem 1) to one in-
volving 42 species participating in 143 reactions (problem 10). In
addition to the CPU times given in Table 2, detailed accuracy and
ef� ciency comparisons with other methods and codes for kinetics-
only calculations are available in Ref. 1.

Table 2 also illustratesthe varietyof problemtypes that cansolved
by LSENS and the differentoptionsbuilt into it. For example, prob-
lem 1 shows use of the shock-kinetics option and boundary-layer
correction for area. Different types of static and one-dimensional
� ow reactions are also considered: constant-density static (prob-
lems 10, 13, and 14), assigned-pressurestatic (problem5), constant-
pressure � ow (problems 6 and 9), constant-area � ow (problems 2,
3, and 12), assigned-pressure � ow (problem 4), and assigned-area
� ow (problems 1, 7, 8, 11, 15, and 16). Problem 11 demonstrates
a PSR calculation. The various options for specifying temperature
are also illustrated (problems 8, 9, and 13), as are the different
heat transfer models (problems 2–5 and 11). Finally, the use of
other options built into LSENS is shown by these test cases. (De-
tails are not included in Table 2.) For example, the equilibrium
option for the different assigned states is demonstrated in cases 6,
9, 13, and 14 and calculation of rocket performance parameters in
case 11.

The second data � le contains nine sensitivity analysis test cases,
which are summarized in Table 3. Here, NP is the total number
of sensitivity parameters, that is, initial conditions and rate coef� -
cient parameters. The � rst six cases are isothermal problems, for
which sensitivity analysis results obtained with different methods
and codesand the requiredexecutiontimes are available.(See Ref. 1
for details.) For cases 1 and 2, analytical solutions have also been
derived. Thus, these six problems serve as useful test cases for as-
sessing accuracy and ef� ciency. Excellent agreement was obtained
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Table 2 Description of kinetics-only test problems supplied with LSENS

Problem parameters

Test problem Description of problem NR NS N CPU, s

1 Dissociation of bromine in a shock tube 1 3 5 <0.01
2 Hydrogen–air combustion in constant-area supersonic � ow with heat transfer 36 18 19 0.013
3 Same problem as case 2, but with a larger reaction mechanism, obtained by adding

reactions to mechanism of case 2
37 18 19 0.013

4 Hydrogen–oxygen combustion in subsonic � ow at assigned pressure with heat
transfer

18 8 11 0.015

5 Static, rich methane–air combustion at assigned pressure with heat transfer 133 39 41 0.12
6 Lean methane–air adiabatic combustion in supersonic � ow at constant pressure 133 39 41 0.11
7 Same problem as case 6, except that the area obtained from case 6 is assigned as

input
133 39 42 0.18

8 Same problem as case 6, except that the area and temperature obtained from case 6
are assigned as input

133 39 41 0.11

9 Constant-temperature, constant-pressure, methane–air reaction in supersonic � ow 133 39 40 0.050
10 Constant-density, static methanol–air adiabatic combustion 143 42 42 0.090
11 PSR combustion of a rich propane–air mixture, followed by supersonic expansion

of the combustion products through a diverging nozzle with heat loss
136 42 44 0.050, 0.084a

12 High-temperature, adiabatic air ionization reaction in constant-area subsonic � ow 12 12 15 <0.01
13 High-temperature, high-pressure, static reaction of carbon monoxide–hydrogen

mixture at constant density and constant temperature
23 13 13 <0.01

14 Constant-density, adiabatic, static problem involving photolytic ignition of
hydrogen–oxygen mixture at low initial temperature

20 8 9 0.015

15 Methane–air adiabatic combustion in supersonic � ow, with assigned duct area and
output required at axial locations corresponding to speci� ed values of duct area

133 39 42 0.13

16 Same problem as case 15, except here output is required at speci� ed axial positions 133 39 42 0.13

aFor problem 11, the � rst execution time given is for the perfectly stirred reactor problem, and the second for the � ow problem.

Table 3 Description of sensitivity test problems supplied with LSENS

Problem parameters

Test problem Description of problem NR NS N NP CPU, s

1 Constant-volume, isothermal reaction, A D B 2 2 2 4 <0.01
2 Constant-volume, isothermal reaction, A D B D C 4 3 3 4 <0.01
3 Constant-volume, isothermal pyrolysis of ethane, using a simpli� ed mechanism 5 7 8 4 <0.01
4 Constant-volume, isothermal reaction of a methane–oxygen–argon mixture containing trace

concentrations of carbon dioxide and hydrogen
44 14 13 44 0.058

5 Constant-volume, isothermal oxidation of a formaldehyde–carbon monoxide mixture 25 15 14 25 <0.01
6 Constant-volume, isothermal reaction of a wet carbon monoxide–oxygen–nitrogen mixture 52 12 11 58 0.12
7 Adiabatic, constant-pressure isomerization reaction with simpli� ed rate coef� cient

expression that permits analytical solution
1 2 4 7 <0.01

8 Constant-pressure, adiabatic, static ignition of a stoichiometric hydrogen–air mixture,
seeded with 0.45% nitric oxide

40 19 20 20 0.19

9 Adiabatic, constant-density, static combustion of a shock-heated, near-stoichiometric
benzene–oxygen–argon mixture

120 40 42 51 0.90

for all six cases between the LSENS and literature results.1 The
last three cases are nonisothermalproblems,which illustrate the ap-
plication of sensitivity analysis to combustion kinetics. Case 7 de-
scribes a simple nonisothermal problem whose analytical solution
is known.1;13;26 For cases 8 and 9, which use more realistic com-
bustion chemistry, sensitivity coef� cients were generated by using
� nite difference approximations.1 The results produced by LSENS
showed excellent agreement with the analytical solutions for both
the model problem and the sensitivity coef� cients with respect to
all four initial conditionsand the three rate coef� cient parametersof
the reaction (case 7) and with the � nite difference solutions (cases
8 and 9).1

Extensive accuracy and ef� ciency comparisonsof the sensitivity
analysismethodbuilt into LSENS with othermethodsand computer
codes have also been performed for both isothermal and nonisother-
mal reactions.1;13;26 In particular,comparisonsof the computational
work required by a systemic sensitivity analysis method, such as
the DDM used here, with those required by the brute force method
of varying one parameter at a time, show the signi� cant savings
in computational time that can be realized by use of the former
method. For example, case 9, which describes the ignition and sub-
sequent combustion of a benzene–oxygen–argon mixture, consists

of 120 reversible reactions among 39 reacting species and the inert
species argon. To solve for the dependentvariables required 6.3 s of
execution time on the Amdahl 5870TM computer. To solve for the
dependentvariablesand sensitivitycoef� cients with respect to all of
the 402 possibleproblemparameters, that is, all 42 initial conditions
(40 species mass-speci� c mole numbers, density, and temperature)
and all 360 rate coef� cient parameters, required 246 s. This exe-
cution time may be compared to the more than 2500 s that would
be required by a � nite difference method wherein parameters are
varied one at a time.

Conclusions
The multipurpose kinetics and sensitivity analysis code LSENS,

which has been developed for complex, homogeneous, gas-phase
reactions, was described. The code has been designed for a variety
of reaction models: static system; steady, one-dimensional,inviscid
� ow; reaction initiated by an incident shock; PSR; and PSR fol-
lowed by a plug � ow reactor. In addition, the equilibrium state can
be computed for several assigned states and systematic sensitivity
analysis performed for both static and � ow problems. The differ-
ent capabilities and computational procedures built into the code
and its usage were described brie� y. Standard thermodynamic and
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transportpropertiesdataare providedwith thecode,as are two prob-
lem data � les that illustrate the different problem types that can be
solved by, and options built into, the code.
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